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We report a study of the dispersion of spin waves in a hexagonal array of interacting ferromagnetic
nanodisks for two orthogonal orientations of the in-plane applied magnetic field, i.e., either parallel
or perpendicular to the direction of first neighbour disks. The experimental data were modelled
using the dynamical matrix method, and the results were interpreted in terms of the effective wave
vector model. We have found that spin waves propagating in the two orthogonal directions exhibit
marked asymmetry concerning the existence of maxima/minima in their dispersion curves and the
sign of their group velocities.VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4807657]
Magnonic crystals (MCs) are artificial materials with
periodic modulation of magnetic properties where the spin
wave (SW) band structure can be tailored and controlled.1–8
This tunability makes MCs promising candidates for creation
of versatile devices such as adjustable filters and waveguides
operating in the microwave frequency range.3,5,9,10
Dense arrays of in-plane magnetized nano-disks have
been extensively investigated by ferromagnetic resonance,11–15
Brillouin light scattering (BLS),16–23 and time resolved
magneto-optical measurements.24–28 However, arrays of disks
arranged into a hexagonal mesh have been sparsely studied so
far, and the experimental data have been presented for wave
vector k¼ 0 only.29 This is probably due to the fact that arrays
of disks arranged in the hexagonal symmetry are challenging
not only from the fabrication and characterization perspective
but also from the point of view of their theoretical
modeling.6,8,9,11,24,25,30,31
In this work, we study the dispersion of collective SWs
in the Voigt scattering geometry in a hexagonal array of
20 nm thick Permalloy (Ni80Fe20) disks for two different
directions of the applied magnetic field and therefore SW
propagation. We find that equivalent modes in equivalent
scattering geometries have different dispersive behavior
(“asymmetry”) along the two principal directions of the lat-
tice. The array of disks has been fabricated by the etched
nano-sphere lithography technique.32,33 The disks have aver-
age diameter of (3786 2) nm and formed an array of
(3906 3) nm periodicity. The scanning electron micrographs
(SEM) of the array (Figs. 1(a) and 1(b)) demonstrate a well-
defined arrangement of disks, with uniform spacing and
good edge definition.34 However, a detailed investigation of
the SEM images at different magnification revealed that the
orientation of the symmetry axis suffers a decrease of 25
over the distance of 5.0mm.35
The BLS experiments were performed in the Voigt con-
figuration, where the in-plane transferred wave-vector (k)
was perpendicular to the external magnetic field applied in
the sample plane. The SW dispersion was measured for two
different orientations of the magnetic field of l0H¼ 40mT,
as indicated in Figs. 1(a) and 1(b). For the field applied along
the direction of nearest-neighbor disks (x-axis direction) k
varied in CM, while for the field applied perpendicularly to
the direction of nearest-neighbor disks (y-axis direction) k
varied in CM0. The BLS spectra were recorded in the back-
scattering configuration, by sweeping the SW wave vector k
up to 1.6 105 rad/cm.36
In the simulations, the equilibrium configuration of
the system was computed by OOMMF37 on a finite sample
of 17 disks displaced into a hexagonal lattice with the edge-
to-edge separation of 24 nm (see Fig. 1(c)). The central
disk was used as primitive cell with oblique coordinates.
Each disk had diameter of 376 nm and thickness of 20 nm
and was discretized into micromagnetic cells of dimensions
4 nm 4 nm 20 nm. Then, the dynamical matrix method
(DMM) was used to calculate frequencies and spatial profiles
of all modes in the magnonic spectrum as a function of the
Bloch wavevector.38 At each k, the BLS cross section was
also calculated for each mode profile39,40 and compared with
the measured intensities. A comparison of the calculated and
measured mode frequencies and cross-sections was used to
identify the modes, which were then labeled according to the
scheme described in Ref. 18. The dynamic magnetization of
each mode (Bloch wave) can be interpreted using the expres-
sion dmðrÞ ¼ d ~mkðrÞeikr, where r is the radius-vector in
the direct space, k is the Bloch wave vector, and d ~mk is
the cell function, which has the periodicity of the array. The
magnetic parameters assumed in the calculations were
A¼ 1.0 1011 J/m for the exchange stiffness parameter,
Ms¼ 650 105A/m for the saturation magnetization, and
c/2p¼ 29.5GHz/T for the reduced gyromagnetic ratio. In the
calculations, the external field was assumed to be (exactly)
parallel either to x- or y-axis (Figs. 1(c) and 1(d)). The BLS
intensity depends on the real part of the out-of-plane (z) com-
ponent of the dynamic magnetization of the mode in a single
cell (which depends on k) and on the light incidence angle hi.
When H is parallel to the direction of nearest-neighbor
disks (i.e., along x-axis), the magnetization is in a “leaf”
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configuration (Fig. 1(e)). In this case, the plane of incidence
is taken parallel to y-direction, so that k is varied along CM.
As shown in Fig. 1(d), M is a “mirror point” for frequency.
In contrast, when H is perpendicular to the direction of
nearest-neighbor disks (i.e., along the y-axis) and k is varied
along CM0 direction (i.e., along x-axis), the mirror point for
frequency is not at the zone boundary (K) but is found at the
M0 point. Also, the magnetization in each disk now forms an
“S”-state (Fig. 1(f)). The curling of the magnetization is due
to the fact that magnetic poles at the ends of nearest-
neighbor disks (which are misaligned along y) create curled
field lines to which magnetic moments align.
To interpret the dispersion of different modes, Tacchi
et al.18 introduced a 2-D effective wave vector keff, which
includes and replaces both the band index and the Bloch
wave vector. The effective wave vector represents the over-
all oscillation of the magnetization across the array, because
it takes into account both the oscillation within individual
disks due to the mode character (i.e., due to the number and
orientation of nodal lines) and the variation between adjacent
dots due to the Bloch factor, eikr. In the 2-D case, keff has
two components, parallel and perpendicular to the applied
field. The former component is associated with the backward
(“BA”) character of the spin wave (in terms of the dispersion
of magnetostatic spin waves) and is therefore denoted as
kBA, while the latter component is associated with the
Damon-Eshbach (“DE”) character and is therefore denoted
as kDE. Overall, this gives keff¼ kBAþ kDE. Both kBA and
kDE increase as the number of nodal lines perpendicular and
parallel to the applied magnetic field increases, respectively.
The nodal lines can be “actual” (i.e., occurring within the
disk) or “effective” (i.e., occurring between adjacent disks,
as a consequence of Bloch phase change). Since the disks
within the array are coupled by the dipolar interaction, we
can map keff on the well-known dispersions of the magneto-
static spin waves to predict the overall behavior of the
frequency of any given mode as a function of kBA and kDE.
If kBA (kDE) increases, the mode frequency decreases
(increases) and vice versa (see, e.g., Ref. 18 for details).
Due to the peculiar hexagonal symmetry of the lattice,
the dispersion curves are characterized by interesting features
not present, e.g., in square arrays. We first consider the case of
H applied parallel to x-axis, and hence k is along CM
(Figs. 1(a) and 1(d)). In Table I, the Bloch factor is computed




), i.e., M, for the 6 lattice
points around r¼ (0,0). According to this table, we can under-
stand the behavior of keff plotting the phase relationship
among nearest neighbor disks for a few modes (Fig. 2, left
panel), using the Bloch relation dmðrþ RÞ ¼ dmðrÞeikR,
where R is any lattice point in direct space. In Figs. 2 and 3
we show only the real part of the out-of-plane (z) component
of dmðrÞ, although the considerations below apply equally to
its imaginary part.
Note that kBA does not vary along CM for any of the
modes. Conversely, kDE increases for the fundamental mode
and for 1-DE (as well as for any n-DE with odd n) but
decreases for any n-DE with even n.18 Due to the misalign-
ments of neighbor disks along y direction, the effective wave
vector variation for m-BA modes depends also on m. We
checked that if p is a nonzero integer, m-BA modes with
m¼ 4p-3 and m¼ 4p-2 have a negative frequency dispersion,
instead with m¼ 4p-1 and m¼ 4p have a positive frequency
dispersion; of course, the bandwidth amplitude decreases as
m increases.
In Fig. 3(a) we plot both experimental (symbols) and
calculated (lines) dispersions: the line thickness indicates the
calculated BLS cross section, which can be large (bold line),
average (straight line), or negligible (dotted line). The over-
all agreement is good, apart from the slight asymmetry in the
measured frequency of the fundamental mode, which can be
either attributed to a few-degree-misalignment of the applied
magnetic field with respect to the nominal direction of the
array or to the above mentioned variation of the symmetry
axis orientation within the sample.41 Furthermore, an appre-
ciable frequency downshift of the end mode (indicated with
“EM (round)”), with respect to the calculated value, is
observed. This mode is strongly localized near the disk
FIG. 1. Panels (a) and (b): SEM images of the array with indication of k and
H in the two cases under consideration. Panel (c): lattice points in the direct
space; x-axis is taken along the direction of nearest-neighbor disks. Panel
(d): lattice points in the reciprocal space, b1 and b2 are the primitive vectors;
dotted line marks the first Brillouin zone; vector G¼ 2b1þb2 indicates a
lattice point equivalent to C. Schematic representation of the equilibrium
magnetic configurations at the field l0H¼ 40mT, applied parallel (panel
(e)) or perpendicular (panel (f)) to the direction of nearest-neighbor disks.
TABLE I. Values of the Bloch factor at C and M.
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boundaries, and so the discrepancies are likely to result from
the slightly different edge details in the model and real disks,
both in terms of the geometry and magnetic configuration.21
To verify this point, we repeated the calculations for disks
with ends flattened in the direction perpendicular to the
applied magnetic field. This hypothesis is suggested by the
inspection of the SEM images reported in Figs. 1(a) and 1(b)
where the edge flattening is clearly visible. We observed that
the flattening decreases the frequency of the end mode and
thereby improves the agreement with the experiment [“EM
(flat)”]. One of the insets in Fig. 3(a) shows the profile of the
end mode in the disk with flattened ends. The oscillation
region for the end mode is very narrow, and so the associated
dynamic coupling fields are small, and the corresponding
dispersion curve is almost flat. It is noteworthy that the flat-
tening of the disk edges does not influence the frequency of
modes localized in the disks center. Finally, we show a
mixed mode (2-BA 1-DE), whose calculated frequency
increases up to the maximum at M (magnonic band ampli-
tude of 0.3GHz), as can be predicted by the effective wave
vector variation (not shown in Fig. 2). Measurements do not
fit exactly this trend, probably because the experimental
error is comparable with the mode bandwidth.
Now, we consider the case of H parallel to the y-axis. In
this case, the Bloch wave vector k is along x-axis, i.e., along
CM0 (Figs. 1(b) and 1(d)). Hence, kBA is along y-axis, and
kDE is along x-axis. This configuration shows a very interest-
ing feature, peculiar to the concurrence of hexagonal symme-
try and magnetism. Indeed, we considered an additional (non-
conventional) point X in the reciprocal space, located in the
middle of CM0, i.e., at k¼ (pa,0) (Fig. 1(d)). For in-plane mag-
netized samples, dmz is completely real at C (k¼ 0), but mov-
ing from C, dmz is in general complex (i.e., with real and
imaginary parts). In particular, at X, the Bloch factor calcu-
lated for R¼ (6a/2,0) equals the imaginary unit (Table II).
Hence, in those lattice points, the real and imaginary parts of
dmz are exchanged. This results in a change of symmetry (i.e.,
of the number of nodal lines) with respect to those at
R¼ (0,0). Recalling that in Fig. 2 only the real part is shown,
it is possible to see (Fig. 2, right panel) that moving from C to
X, kDE of the fundamental mode increases, while kBA is con-
stant. Hence, according to the magnetostatic dispersion, the
joint effect is a frequency increase. Moving from X to M0,
FIG. 3. Experimental (symbols) and calculated (lines) SW dispersions along
(a) the CM and (b) CM0 directions. In panel (a) the vertical line at
0.93 105 rad/cm denotes the M point. Dotted lines are (BLS-inactive)
backward-like modes with one (1-BA) and two (2-BA) nodes. Dashed line
corresponds to the frequency of the EM calculated for a disk with rounded
ends, to compare with the one calculated for a disk with flattened ends, indi-
cated as “EM (flat)” and shown in the inset at the bottom-right. In panel (b)
the zone boundary is at 4p/3 a¼ 1.05 105 rad/cm, corresponding to K
point. X is the middle point of CM0. Insets show the real z-component of the
dynamic magnetization. Figure insets show a representative BLS spectrum
measured at kx¼ 0.73 105 cm1. In both panels, insets show the real
z-component of the dynamic magnetization.
FIG. 2. Schematic view of the phase
relationship among nearest-neighbor
dots at different values of the Bloch
wave vector along y (left panel) and x
(right panel), with reference to the real
part of the out-of-plane component of
the dynamic magnetization. The red and
blue colors mean that the Bloch factor is
1 and 1, respectively. In the lattice
points where the Bloch factor is 6i, the
profile changes symmetry (see Tables I
and II). This helps in finding the behav-
ior of kDE and kBA.
TABLE II. Values of the Bloch factor at C, M0, and the middle point X. i is
the imaginary unit.


















C:k¼ (0,0) 1 1 1 1
X:k¼ (pa,0) 1 1 6i 6i
M0:k¼ 2pa ,0

1 1 1 1
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instead, kDE of the fundamental mode decreases (and this
implies a frequency decrease), while kBA increases (and this
also implies a frequency decrease). Hence, the joint effect is a
frequency decrease. Conversely, concerning the 1-DE mode,
it can be seen that from C to X kDE decreases while kBA is
constant. Hence, the joint effect is a frequency decrease.
Instead, from X to M0, kDE increases while kBA decreases,
and both variations concur to a frequency increase. It can be
shown that, for n-DE modes with other odd n, the situation is
the same, while for even n, it is opposite. For m-BA modes,
instead, independently of m, kDE increases from C to X, while
kBA is constant. Hence, the combined effect is a frequency
increase. When considering dispersion from X to M0, both
kDE and kBA decrease, and the joint effect is less trivial in this
case, because the frequency decrease due to the kDE variation
contrasts the increase due to the kBA variation. In our case, the
former effect dominates, and the overall behavior is a fre-
quency decrease
Due to the different variations of kDE and kBA before
and after X, the frequency curves of each mode are not
exactly symmetric with respect to this point, which therefore
does not represent a mirror symmetry point for the SW dis-
persion. Summarizing, X is always a maximum for the fun-
damental, m-BA, and for the even n-DE modes, and a
minimum for odd n-DE modes (apart from computational/
experimental errors). We stress that this feature is peculiar to
the concurrence of hexagonal symmetry and magnetism
(which has, intrinsically, an axial symmetry), and therefore it
could not be observed for square arrays. Due to the S-state
configuration, higher order modes happen to be more easily
hybridized (or distorted). Hence, the variation of keff is more
difficult to evaluate and does not always follow the above
simple rules (which are rigorously valid within the stationary
wave picture42 of the cell functions).
In Fig. 3(b), we plot both the experimental (symbols)
and calculated (lines) dispersions for the dominant BLS
active modes, showing a good agreement. Note that the
behavior of the end mode (EM) is very similar to that of F
mode (maximum in X) and that the EM bandwidth is greater
than in the case of H parallel to x-axis. This is because, due
to the curled static magnetization, the oscillation region is
wider in this case, and the associated dynamic coupling
fields are therefore greater.
In conclusion, the SW dispersion in a hexagonal array of
disks has been investigated by means of the BLS technique in
the Voigt geometry, for the in-plane magnetic field applied
along the two main symmetry directions, which are mutually
orthogonal. We have found that equivalent modes in equiva-
lent (Voigt) scattering geometries can behave differently along
the two orthogonal directions (“asymmetry”). In particular,
the existence of a maximum/minimum (i.e., zero group velo-
city) before zone boundary has been observed when the wave
vector is perpendicular to the direction of nearest neighbor
disks, but not when it is parallel to this direction. Our findings
can be useful for applications in magnonics and spintronics,
e.g., for waveguides where the direction, speed, and bandwidth
of the signal can be tuned by a simple rotation of the applied
field and for spin-logic devices, where positive/negative dis-
persions can be associated with the propagation direction of
the signal and therefore with different binary digits.
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